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Abstract: In this paper, we consider task assignment problem in a cluster of servers. We show that 

optimal static task assignment is tantamount to equalizing an appropriate cost functions associated with the 
servers. We also propose an improvement of dynamic Shortest Expected Delay (SED) task assignment 
policy.   
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1. INTRODUCTION 
Task assignment policy is an important factor affecting the performance of a 

distributed system because it coordinates the use of processing capacity of servers.  High-
speed Web clusters [1] and Internet routers [2] implement various task assignment 
policies. An important element of a task assignment policy is the information it requires to 
operate. In general, dynamic policies operate under time dependent information, whereas 
static policies operate under time independent characteristics of the system [3]. 

 
 
 
 
 
 
 
 
 
We consider the task assignment problem in a cluster of servers where different 

servers exhibit different task processing times as shown in Figure 1. Tasks arrive to 
dispatcher, which is responsible for distributing them among servers according to a task 
assignment policy taking into account availability of resources at servers. We are 
interested in policies, which minimize the average response time and distinguish two 
optimisation problems. Optimization criterion in the Minimum Average Response Time 
(MART) problem is to minimize the average response time taken over all processed task. 
In the Minimum of the Maximum Response Times (MMRT) problem, the criterion of 
optimality is to minimize the maximum of average task response times at the servers, to 
which tasks are routed. 

Static MART problem has been considered in several papers. Tantawi and Towsley 
[4] studied an arbitrarily connected distributed system. Tasks may arrive at any server and 
can be executed either locally or be sent to another server. They derived an iterative 
algorithm that determined the optimal static task assignment policy for a system with 
general response time and communication delay functions. Kim and Kameda improved 
this algorithm in [5].  Buzen and Chen [6] derived equations for optimal arrival rates i λ  at 
servers for a cluster of servers with Poisson task arrival process and generally distributed 
task processing times. Ni and Hwang [7], and Tang and Chanson [8], found closed form 
solution for particular case when task-processing times are exponentially distributed.  

 Minimization of the maximum of average task response times may be unfair since 
the average response time at the slower servers can be much higher than the average 
response time at the faster ones. Georgiadis et al. in [13] derived solution of the static 
MMRT problem for a cluster of servers with general response time functions. Optimal 
policy attains fairness by equalizing the average response times at active servers, at an 
increase in average response time taken over all processed tasks.  

Dynamic task assignment policies usually outperform static policies [9], but optimal 
dynamic policy is unknown because of analytical difficulties [10]. Chow and Kohler [11] 
proposed simple dynamic Minimum Response Time policy. In Minimum Response Time, 

i λ  

n λ  

λ  

 

• 
• 
• 

• 
• 
• 

  

Figure 1. Task assignment in a cluster of servers. 
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also known as Shortest Expected Delay (SED), an arriving task is routed to the server with 
the least expected response time, i.e. the server i , for which iis µ)1( + is minimal, where 

is  is the number of tasks at server i  including the one in service, and iµ  is its task 
processing rate. 

In this paper, we analyse optimal solutions for static task assignment policies. Based 
on this analysis we propose new dynamic task assignment policy - Modified SED, which is 
as simple as SED but results in smaller average response time. 

 
2. OPTIMAL STATIC POLICIES 
Consider a cluster of n  servers. We denoteλ  the rate of tasks arriving at the system, 

iλ  the rate of tasks arriving at server i , iθ  the maximum task arrival rate that server i  can 
sustain without becoming saturated, and  nθθ ++=Θ K1   the maximum throughput of the 
system.  The mean processing time needed to execute the task at server i  at the absence 
of other tasks arrived from dispatcher, is denoted by iβ . In what follows we assume that 
servers are numbered in nondecreasing order of the mean processing times iβ , i.e. 

nβββ ≤≤≤ K21 , and it will be convenient to define an additional quantity, ∞=+1nβ . The 
i th server will be called faster than the j th server if ji ββ ≤ . 

2.1. Equalization Problem 
Assume that the i th server has a cost function )( iic λ  associated with it, and the 

following conditions hold: 
 1) )(xci  is strictly increasing and continuous for ),0( ix θ∈ ,  
 2) ∞=

↑
)(lim xci

ix θ
,  

 3) 0)(lim
0

>=
↓

ii xc
x

β .  

The load can be distributed among the fastest servers, so that the values of cost functions 
)( iic λ  at all these servers are equalized. In this case the arrival rates iλ  form a solution of 

the following equalization problem: 
Equalization problem: For a given λ , Θ<< λ0 , find an integer k , nk ≤≤1 , and task 

arrival rates ii θλ <<  0 , ki K2,1= , so that λλλλ =+++ k 2 1 K  and 

12211 )()()( +≤=== kkkccc βλλλ L .  
Georgiadis et al. present in [13] the solution of the equalization problem. Let 
)(xgi , ix β>  be the inverse of )(xci , and set 0)( =xgi  for ix β≤≤0 . Server i  is called 

activated if the arrival rate iλ  to this server is nonzero. As the task arrival rate λ  increases 
from 0 to Θ , the number of activated servers increases from 1 to n . Server i  is activated 
when λ  exceeds a threshold iA , called the activation rate for the server i . The server 
activation rates can be computed by 

)(
1

1
k

k

i
ik gA β∑

−

=
= , nk ≤≤1 , 

and have the following properties: 
 a)  01 =A , 

b) Θ=<≤≤≤ +121 nn AAAA K , 
c) ji AA =  when ji ββ = . 

 When 1+<< kk AA λ , then the arrival rates at servers satisfy 
)()()()( 2211 λλλλ Eccc kk ==== L , where 1)( +<< kk E βλβ , and 0=iλ  for ki > . Details 

of the algorithm for calculation of the arrival rates iλ  for arbitrary λ  can be found in [13]. 
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2.2. Minimization of the Average Response Time 
The response time function )(xRi specifies the average response time of a task at 

server i  for a task arrival rate x  to that server. It is well known that for server i  modelled 
as M/M/1 queue )(xRi  is given by simple formula 1)()( −−= xxR ii µ  [12]. If the service 
times are not exponentially distributed and/or the server processes additional dedicated 
arrival stream then the response time function would be more complex  function. We 
assume that the response time functions satisfy the following conditions: 

1) )(xRi is strictly increasing and continuous for ),0( ix θ∈ , 
2) ∞=

↑
)(lim xRi

ix θ
, 

3) 0)(lim
0

>=
↓

ii xR
x

β . 

Minimum of the Maximum Response Time and Minimum Average Response Time 
problems for a cluster of servers can be formulated as follows. 

Minimum of the Maximum Response Times (MMRT) problem: For a given λ , 
Θ<< λ0 , find task arrival rates at servers ii θλ <≤  0 , ni K2,1= , so that 

λλλλ =+++ n 2 1 K  and the maximum average response time )}({max  
0

iiR
i

λ
λ >

 is 

minimized. 
Minimum Average Response Time (MART) problem: For a given λ , Θ<< λ0 , find 

task arrival rates at servers ii θλ <≤  0 , ni K2,1= , so that the λλλλ =+++ n 2 1 K  and 

average overall response time )()(  
1

 
ii

n

i
RR i λλ

λ
λ∑

=
=  is minimized. 

Both problems are tantamount to the equalization problem. Georgiadis et al. show in 
[13] that the solution of the MMRT problem can be found as a solution of the equalization 
problem with the cost function given by )()( xRxc ii = . Tantawi and Towsley studied in [4] 
the problem of minimization of the average response time for an arbitrarily connected 
distributed system assuming that the response time functions )(xRi  are differentiable and 
convex for ),0( ix θ∈ . It follows from [4] that the solution of the MART problem can be found 

as a solution of the equalization problem with the cost function given by 
dx

xxRd
xc i

i
))((

)( = . 

 
3. MODIFIED SED POLICY 
For particular case, when task arrival process is Poisson and task processing times 

are exponentially distributed, we have ii µθ = , ii µβ 1= . The cost functions )(xci  and its 
inverse )(xgi  are given by  
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µ  for MART problem.  

From results presented in the previous section we may conclude that equalization of 
functions )(1 xci , i.e. the average response times, results in minimization of the maximum 

response time incurred on any active server. While equalization of either functions )(2 xci  

or )(2 xci , which are the average response times multiplied by square roots of task 
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processing rates, results in minimization of the average response time taken over all 
processed tasks. 

In SED policy, an arriving task is sent to the server i , for which iis µ)1( + is minimal, 
where is  is the number of tasks at server i . In other words, SED policy equalizes 
response times at active servers, that leads to minimization of the maximum response time 
incurred on any server. We modify SED so, that in Modified SED (MSED), an arriving task 
is sent to the server i , for which iis µ)1( + is minimal. MSED policy equalizes response 
times multiplied by square roots of task processing rates, and thus, according to previous 
considerations, would minimize the average response time taken over all processed tasks.  

We simulate three different systems, which were used in [9], and compare SED and 
MSED. The first system, System 1, has 10 nodes. The task processing rates of the nodes 
are 61 =µ , 11032 ==== µµµ K . The second system, System 2, also has 10 nodes. The 

task processing rates of the nodes form an arithmetic series, that is ⎟
⎠
⎞

⎜
⎝
⎛ −=

11
13 i iµ , 

102,1 K=i . Each of these two systems has an aggregate processing rate of 15. The third 
system, System 3, has 8 nodes, and the task processing rates of the nodes form the 
geometric series i

i
−= 102µ , 102,1 K=i . In all cases, the arrival process is assumed to be 

Poisson. 
Figures 2 and 3 show the average response times taken over all processed tasks 

under SED (solid lines) and MSED (dash lines) versus task arrival rate λ .    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Results shown in Figure 2 demonstrate that MSED policy outperforms SED when 

task-processing times have exponential distributions. Figure 3 shows that MSED policy 
also outperforms SED for systems with constant task processing times. In this case, the 
differences in average response times are even higher then in the case of exponential 
distributions. 

 

  
 Figure 3.  Average response times, when task processing times are constant. 
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Figure 2. Average response times, 
when task processing times are exponentially distributed. 
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 3. CONCLUSION 
We show that the static policy, that equalizes task response times at active servers, 

does not minimize average overall response time. Well-known dynamic Shortest Expected 
Delay assignment policy tries to minimise the average overall response time by sending 
new task to a server with minimal expected response time. We propose modification to 
SED policy. In Modified SED, an arriving task is sent to the server, for which expected 
response times multiplied by square roots of task processing rates is minimal. Modified 
SED is as simple as SED but results in smaller the average overall response time at high 
load.  
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