International Conference on Computer Systems and Technologies - CompSysTech’2004

Schema Integration Framed in Modal Logic

Veselka Boeva

Abstract: In this paper standard modal logic is suggested as a formal framework for modelling and
analysing different aspects of schema integration. Schemata are represented by sets of modal first-order
formulae and interpreted in terms of standard models of modal logic. An approach based on correspondence
assertions, i.e. expressing relationships between different constructs in the schemata, is used. It is
demonstrated that freeness of conflicts is a condition ensuring that the schemata can be meaningfully
integrated. In other words, then the schemata can be merged into an integrated schema that represents as
much information as the original ones. In view of this, we first show how the model determining the schema
that is a combination of the original ones can be restricted to a model representing the schema integrating
the individual ones together with the correspondence assertions. Then the latter schema is proven to be
dominating with respect to original ones.
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INTRODUCTION

Conflict detection is the key issue for software system design and use. For instance,
conflict is a major complication in any schema integration process. Schemata are
developed by different user groups or designers therefore, some constructs in the
integrated schemata, while the modelled reality may be equivalent, may be incompatible
and they must be modified before integration may take place. The latter is a subject of
conflict resolution methods, whereas our interests in this paper are concerning conflict
detection problems and especially, schema integration analyses in relation to freeness of
conflict.

Many different approaches to schema integration have been presented. For instance,
[9, 10, 13, 14] discussing various aspects of schema integration process in the framework
of first-order logic. An approach using integration assertions, i.e. relating equivalent
constructs in the schemata, is chosen in these works to analyse different features of this
process with respect to freeness of conflicts. Later the results are applied to integration of
multi-agent architecture designs [4, 7, 11] for handling problematic cases of global
inconsistency in distributed information systems. However, due to complexity
considerations in particular domains, these approaches introduced an unnecessarily
complicated framework that can be reduced by the introduction of modal operators.

Similarly, different varieties of temporal logic and BDI logic are considered as a formal
framework in [5, 8, 15], but also here, unnecessarily complicated machineries are
introduced. Thus [1-3] suggest an approach using standard modal logic for expressing
properties of specifications or schemata. To enable the methods for determining conflicts
in specifications, and to allow analysis of integrated models, relevant sets of
specifications or schemata are represented by sets of modal first-order formulae.This
approach has several advantages. First, a quite weak language is sufficient for the
purpose of modelling and analysing important aspects of schema dynamic. Then, due to
considering together static and dynamic features of specifications, namely as a theory over
the predicate modal logic KT, various procedures for detecting dynamic conflicts can be
proposed, e.g. see [1].

In view of the above, our consideration herein, are based on the modal logic
framework for conceptual schemata. We discuss schema integration process and suggest
a procedure constructing a standard model of modal logic that determines the schema
integrating the individual ones together with the correspondence assertions. Then it is
proven that this schema weakly dominates the original ones when they are free of conflicts
with respect to the correspondence assertions.
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CONFLICTFREENESS AND SCHEMA INTEGRATION

1. PRELIMINARIES
We first provide a brief background to modal logic. Then in section 1.2 we shall
introduce a modal logic framework for conceptual schemata, developed in [1-3].

1.1 MODAL LOGIC

Modal logic can be seen as a generalization of classical propositional logic. It has been
developed for formalizing arguments involving the notions of possibility and necessity.’
The language of propositional modal logic consists of a set of atomic formulae,
logical connectives, e.g., A, v, =, =, <> as well as modal operators of possibility ¢ and
necessity (1.2 The formulae of the language are of the following form: (i) atomic formulae;
(ii) if p and q are formulae, so are: —p, pAQ,pvq, p—>q, p<q, Op, LIp.

A system of modal logic is any set of formulae closed with respect to all propositionally
correct modes of inference. Any system of modal logic contains the axiom Df0 (0p <> LipLJ),
and various different systems of modal logic can be obtained by imposing additional
axioms.

The semantic analysis of a system of modal logic is performed using the notion of a
model of modal logic, which is usually viewed as a structure of the form [6], M = <W, R,
V>, where W denotes a set of possible worlds (or states), R is a binary relation on W
called accessibility relation and V is a multivalued mapping from the set of atomic formulae
into W called value assignment function.

The interpretation of the accessibility relation in a model of modal logic can vary
significantly, but in general it may be thought as expressing the fact that some things may
be possible from the standpoint of one world and impossible from the standpoint of
another. Imposing various conditions on the accessibility relation, we obtain different
classes of models of modal logic that determine different systems of modal logic. For
instance, a system corresponding to a class of reflexive models is known as the normal
system of modal logic, KT [6].

The value assignment function V associates to each atomic formula p the set V(p) of
those possible worlds in which p is true. We use ||p|| to denote the set of all worlds in
which p is true. This set is known as the truth set of a formula p. Further a formula p is true
in a model M if p is true in any world of M. The truth set is inductively extended to all non-
modal formulae in the standard way. The truth conditions of modal formulae are defined
using the accessibility relation R, i.e. for any formula p and any world we W it holds:

we|lop|M & (IveW)(veRw) A vellpl|V)
we|ltp|M & (VveW)veRWw) = vellp|™.

1.2 SCHEMA REPRESENTATION
In the sequel, we give a short overview of the approach considered in [1-3].

Definition 1 Let L be a finite first-order language extended with the modal operators of
possibility and necessity.>

' As was demonstrated in [12] modal logic (propositional and predicate) can be seen as a sub-logic of
?redicate logic (possibly with many sorts and generalized quantifiers).

Predicate logic adds to propositional syntax quantifiers and names for variables, predicates, functions and
constants.
® In most cases, a reasonable assumption is that there is a finite number of relevant objects in the
considered reality, i.e. a language with a finite number of constants is used.
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(i) A schema S is a first-order theory over the predicate modal logic KT,
consisting of finitely many closed formulae in language L;

(i) L(S) ={p | peL and p is a sub-formula of a formula of S}, i.e. L(S) is
closed under sub-formulae of the formulae in S;

(i)  P(z)—>0Q(z) describes possible transitions* between different states of S,
where P(z) and Q(z) are first-order formulae in L, and z is a vector of
variables in the alphabet of L>;

(iv)  An integration assertion expressing the schema S in the schema S; is a
closed first-order formula: V (p(x) <> F(x)), where p is a predicate symbol
in L(S,) and F(x) is a formula in L(S,).

Based on the fact that a normal system of modal logic is determined by each of its
canonical standard models [6], the description of a schema in [1-3], was interpreted in
terms of standard model of modal logic. A canonical model for a system of modal logic is a
model which verifies just those formulae that are the theorems of the system.

Definition 2 The description of a schema S is a standard model of modal logic M = <W,
R, V>, such that
() W={w]|wis S-maximal set of formulae}’;
(ii) For every (w, v)e W2, ve R(w) iff {OF(x)| F(X) e Vv}cw;
(i)  For every atomic formula F(x)eL(S), V(F(x)) is the proof set® of the
formula F(x).

The above model M can be interpreted as a L(S)-filtration of the canonical model for the
system of modal logic KT, i.e. its worlds are the equivalence classes of worlds in the
canonical model. A representative member of each equivalence class can be chosen.
Thus, W can be considered as the set of all such worlds, which are S-maximal sets of
formulae. Further in M just those atomic formulae are true at a world as are contained by
it. Moreover, R is defined so that a world collects all the possibilitations of formulae
occurring in its alternatives [6].

Example 1 Let us consider a schema S = {—r(a)vr(b), r(c)<>r(a), r(a)—or(b), —r(a)—
O(—r(b) A =r(c))}. The description of Sy is a model My = <W4, Ry, V4>, where W, = {w4, wp,
w3} and

wy = {r(a), r(b), r(c), Or(b), ...}

wp = {=r(a), —=r(b), —=r(c), O(=r(b) A =r(c)), g

w3z = {—=r(a), r(b), —r(c), O(—r(b) A —r(c)), ...}.

Then, due to Definition 2, the accessibility relation R4 is given by {(w1, w1), (W1, w3), (W,
W2), (W3, W3), (W3, W2)}.

2. CONFLICTFREENESS
Next we recall the concept of conflictfreeness defined in [2]. Consider schemata S4 and
S, determined by the standard models of modal logic M1 = <Wj4, R4, V1> and M, = <W;, Ry,

* In the considered context the dynamic part of a schema is represented by modal first-order logic formulae.
® The notation A(x) means that x is free in A(x).
6 F(x) does not contain modal operators of possibility and necessity.
" A set of formulae w is a S-maximal set of formulae when it is S-consistent and has only S-inconsistent
?roper extensions [6].
A proof set of a formula F(x), is the set of S-maximal sets of formulae containing F(x).
° In the description of the worlds in Example 1 are included only atomic formulae and formulae that are
necessary to build the accessibility relation R.
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V2>, respectively. Let IA be a set of integration assertions expressing S, in S1. Moreover,
assume that L(S1)L(S2) = @. Further, we regard a model M = < WyxW,, R, V>, where R
is defined by:

(V(W1, W2)€W1 XWz)(R((W1, W2)) = R1(W1)><W2U W1 X R2(W2)), (1)

and for any atomic formula F(x)e L(S1)UL(S2), V is given by:

Vi(F(x))x W2if F(x) e L(S)

V(F(x) = {W | .
1 x Vo(F(x)) if F(x) e L(S2)
Note that the definition of R is different from that given in [2]. Namely, R is constructed in
such a way that it models any transition possible in models M1 and M,. For instance, if
vie R4(w1) then for any (wa, vz)ewz2 we have that (v4, v2)e R((w1, Wz)), since according to
(1) each world in Ry(w+) is paired with each world in W,. The same relationship holds for
Rz and R. Due to the above construction of M, it is clear that it is a model for the schema
S1US,, i.e. theformula A F(x) is valid in any world (w1, w2) e W xWs.
F(x)eS1uS2

Now, let us consider the set of all worlds (w1, wz) e Wy x W5, that are models for the set

of integration assertions IA, i.e. the formula
F|A = A F(X)
F(x)eld

holds in such worlds (states). Then in [2], the concept of freeness of conflicts is given in
terms of these worlds, called secure states.

Definition 3 The schemata S, and S are free of conflicts w.r.t. |A iff
(Yw1e W)((Twae Wo)(w1, wo) e |[Fiall™)).

According to the above definition, two schemata are free of conflicts with respect to a set
of integration assertions iff for each world in the first model, there exists a world in the
second one such that their union is a model for the set of integration assertions. Basically,
this means that a schema is not allowed to restrict another schema when they are
integrated, i.e., that all states that was possible to access before the integration, still are
accessible after the integration.

Example 2 Consider the schema S from Example 1 and a schema S, = {p(a) - p(b), p(b)
v =p(c), (p(a)ap(b))—0—-p(b)}. Further, let ¥x(p(x)<«>r(x)) be a possible integration
assertion for the schemata. The description of schema S; is a model M, = <W,, Ry, V2>,
where Wy = {v4, Vo, V3, V4, V5} and

vi={p(a), p(b), p(c), ©—=p(b), ...} va={p(a), p(b), —=p(c), 0=p(b), ...}
v2={=p(a), =p(b), =p(c), ...} vs={=p(a), p(b), =p(c), ...}.
vz ={=p(a), p(b), p(c), ...}

R is given by {(v1, V1), (V1, V2), (V2, V2), (V3, V3), (Va, Va), (V4, V2), (V5, V5)}. It can be easily
checked that ||Fia|M = {(w1, V1), (W2, V2), (W3, vs)} and obviously the conditions for
conflictfreeness, given in Definition 3, are fulfilled.

3. SCHEMA INTEGRATION

As was mentioned in the introduction, conflict detection is particularly useful when
merging schemata. A usual requirement when integrating a set of schemata is that the
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combined schema does not restrict the intension behind the individual ones. This has been
formalized in [3] by defining the concept of weak dominance in terms of standard modal
logic, recalled in the next definition. This concept intuitively expresses that the dominating
schema, in some sense, contains at least as much information as the dominated ones.

Definition 4 S, weakly dominates S¢ w.r.t. the set of integration assertions IA, expressing
S, in Sy, iff there is a total injective function ¢ such that for each (v, vo)e W% and vs
eR1(v1), (Q(v1), Q(v2))€W,? and {(v2) € Ra({(v1)), and moreover viY {(v4) and v, {(v2) are
IA-consistent sets of formulae.

First, we shall show that when S, and S are free of conflicts w.r.t. IA then a transition
to a secure state in the model M, determining the schema S1U Sy, is always possible, i.e. a
transition to a world in the set ||Fia||". Thus, let us assume that schemata S, and S; are
free of conflicts w.r.t. the set of integration assertions IA. Obviously, it must be proven that

(V(w1, W) e Wix W2) (R((w+, w2)IFiall" # 9). (2)

It can be easily checked that M is a reflexive model. Namely, taking into account (1) and
the fact that Ry and Ry are reflexive relations we obtain that (V(w1, w2)e WqxW3)((w1,
wz)e R((w1, w2))). Due to this and the freeness of conflicts between S, and Sq w.r.t. IA, it
holds that for any w in W there exists a world w» in W5, such that (w1, wz)e||Fia||™ and
moreover (W, W2)e R((W1, W), i.e. R((Ws, w2)) has a non-empty intersection with ||Fia||".
Clearly, the above assertion is valid and furthermore, in view of the structure of the truth
sets of modal formulae, it is equivalent to W1 xW, = |[OF a||™.

Now, let us restrict the model M=<W;xW,, R, V> to a model in which the only possible
transitions are those to secure states. Hence, R((w1, W2))||Fia]|"! must be true for each
world (w1, w») in such a model. Thus, we consider only the worlds in the set ||Fia||* and
restrict M to Mia= <W,a, Ria, Via>, in such a way that Wi = [|Fia||™ and Riais defined by:

(V(w1, W2) e Wia)(Ria((W1, wz)) = R((w+, w2)) [[FialM).

Moreover, Vi is the restriction of V to W\a. The definition of Rja and (2) imply the reflexivity
of model M|a. Observe also, that any transition possible in My is represented in Mja. Then it
can be easily seen that Mja is a model for the schema S{US,;UIA, i.e. the formula
Fsius2uia holds in any world of this model.

Next, we shall prove that the integrated schema S;{U S, U IA weakly dominates S w.r.t.
IA. In view of Definition 4, it is required that there should be a total injective function from
the dominated schema to the dominating one. Let us consider (w;, vi)eW;? and
vie R4(wy) in the model My = <W4, R4, V1>, determining the schema Si. Since S, and Sy
are conflictfree w.r.t. IA then for (w1, vi)e W42 there exists (w2, vo)e W22, such that ((wi,
W2), (v1, V2))e Wia?. Moreover, we have that (v, v2)e Ria((w1, W2)). The latter follows from
the definitions of R and Rja. Consequently, we can define the function by letting {(w+) be
equal to the corresponding (w1, W), for any wyeW,. Clearly, ¢ defined in this way is
injective. It is also obvious that the function ¢ has the property that for each wseWjy,
w1 U ¢(w4) is an IA-consistent set of formulae. Thus, we obtain that the schema S1US;U IA
weakly dominates S1 w.r.t. the given set of integration assertions IA.

Example 3 Consider the schemata S1 and S, from Example 2. They are free of conflicts
w.r.t. 1A, defined by ¥x(p(x)<«>r(x)). Thus we can build a model Mja = <Wa, Ria, Via>,
where W|A= {(W1, V1), (W2, V2), (W3, V5)} and R|A is given by {((W1, V1), (W1, V1)), ((W1, V1), (W2,
Vz))’ ((W1= V1)’ (W3’ V5))’ ((WQ’ VZ)’ (W2= VZ))’ ((W3’ V5)’ (W3’ V5))’ ((W3’ V5)’ (WZ’ V2))}'
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It can be easily seen that Ma determines the integrated schema S;{U S;U IA and moreover,
the latter one weakly dominates S; w.r.t IA, according to Definition 4.

CONCLUSIONS AND FUTURE WORK

In this work, standard modal logic is used for expressing and analysing integrated
schemata. First, we have recalled the concepts of freeness of conflict and weak
dominance introduced in terms of modal logic, see [2] and [3], respectively. Then we have
shown how the model determining the schema that is a combination of the individual ones
can be restricted to a model representing the integration of these schemata together with
the correspondence assertions. Moreover, it has been proven that the schema that is a
result of this integration dominates the individual ones in case of conflictfreeness.
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